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ABSTRACT: In this paper we study the initial-value problem of the fractal differential equation
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We discuss the existence of at least one solution x € AC[0, T]. The Uniqueness of the solution will be
proved. The continuous dependence on the initial data x, and on the function f will be analysed.
Published: Also, the Hyers - Ulam stability of the problem will be established. Finally, some examples will be
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1. INTRODCTION

Implicit fractal differential equations represent a fascinating [f(t,x)] <a(t)+blx|, b>0.
area of study that combines fractal geometry and differential Brp-a
- ! _ ] @iii) b=T <1
equations. These equations involve fractal-like structures and @ ) o )
demonstrate intricate and self-similar patterns (see [2, 11]). Lemma 1. The solution of the problem (1), if it exists, then it
They are characterized by their non-linearity and often exhibit can be given by the integral equation.
complex behaviours, such as chaos and self-replication (see [13, x(t) = xo + foty(S) ds, te(0,T], )
14]). Differential equations and fractal differential equations ) i ] ]
have applications in various fields, including physics, biology, where y is the solution of the functional equation.
h N . d ~ L
and finance, and have garnered significant interest due to their y(t) = B P F( 6= £ y(b)). 3)
ability to model complex systems with remarkable precision ] a
(see [1, 4, 6, 10, 12]). Proof. Let x be a solution of (1), then we have
In this paper we will focus on this initial-value problem of non- d’;(t) ;—; = f( t,d’;—(t) ;—2),
linear implicit fractal differential equation. ax(®) ‘ N ‘ tl 2 ©
=f(t===2)
S0=r(t=2), aete©T] x(0) =x, (1) ac peft atet ar
atf des dx(®) 1 dx(®
== = pth1f ( t )
where B,a € (0,1), and B > a. dt Yot ar
2. Existence of solution Let y(t) = 2, we obtain

Let I = [0,T] and supp.()se the foIIowi.ng conditions: x(t) = xo + f()t y(s) ds
(i) f:IxR—> R ismeasurableint el forany x € Rand

continuous in x € R foralmostall ¢t € 1. and L
y(®) = BtF7 f(t—= y(©®).
(i) There exist a function ae€L;(I) such that
fOTsB‘l la(s)|ds < M and a positive constant b such that
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Let y be a solution of (3), then from (2)

x(©) = xo+B [y P f(s,— 577 y(s)) ds
_ t p-1 1 - dx(s)
=x+p [ f(s,—st™® =—=)ds.
Thus

dx(t) _ i t B-1 l 1—q ax(s)
atB 'Bdtﬁ’ fos f(s,a s ds ) ds

dat d t _ 1 _ dx(s)
= —_ = B-1 — ol-a 2XW)
B ath at fos f(s,a s ds ) ds

1

— B-1 1 1-a @@
‘Bﬁtﬁ-lt f(t’at dt )

=f(tZ2), ae te(0T].

Using (2), we get x(0) = x,. Which completes the proof.
Now, we have the following existences theorem.

Theorem 1. Let the assumptions (i)-(iii) be satisfied, then the
functional equation (3) has at least one integrable solution
y € L;(I). Consequently, the initial-value problem (1) has at
least one solution x € AC(I).

Proof. Let Q, be the closed ball

LM
Q- ={yeRr:lyll,p <}

r = —
1-pETB-a
a

and the operator F is defined by
Fy(t) = B tF=1 f(t,~ 579y (0)).
Now, let y € Q,., then
[Fy(©)] = | BtF1 f (= t7y(6)) |
< B F(ts 0y (0) |
< P (la@®l+b| = t7y(@©) |)
< Bef T a(®] + b £ Ty (o)
and
[IEy©lds < B f; s~ la(s) ds + b £ 18-« [Tly(s)| ds
< BM+ b ETE |,
< BM+ bEreay,
Thus
IFyl

IA

,3M+b§Tﬁ‘“r=r.

This proves that F: Q, — Q, and the class of function {Fy} is
uniformly bounded in Q,..

Now, lety € Q,, then
foT |(Fy(5))h - (Fy(s)) |dS = fOT| % ftt+th(9)d9 _ Fy(s) |dS
= [ 1J/"(Fy(8) - Fy(s))d6| ds
s OT% ff+h | Fy(0) — Fy(s) |d6 ds,
Thus
1Py = EWy < f 50716 087 (6,5 61 y(0)
— B s (5,2 s1(s)) | 6 ds
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Since Fy = S tF~1 f( t,i t'=%y) € Q, © L, (D), it follows that

3= 5" 1B 6P f(0,= 01 -%y(6)) —
B sPf(s,~ s7(s)) | dO ds > 0, as h 0.

Then (Fy), — (Fy) uniformly in L,(I). Thus the class {Fy},
y € Q, is relatively compact [9]. Hence F is compact operator
3].

[N(])W, let{y,} € Q,,andy, — y, then

Fya(t) = B tF7 f(£,= t77%9,(6))

and

1
lim Fy,(8) = B 7 lim f(t,— €7%%,())
= B P (7 £ lim 3,(0))

= B P f( 6= t7y(0))

= Fy (D).
This means that Fy,(t) —» Fy(t). Hence the operator F is
continuous.

Now, by Schauder fixed point Theorem [8] there exists at least
one solution y € Q, c L;(I) of the functional equation (3).
Consequently, there exists at least one solution x € AC(I) of the
problem (1).

3. Uniqueness of the solution

Now, consider the following assumption:

()* f: 1 x R > Ris measurable in tel for every x €
R and satisfies the Lipschitz condition

[f(t, x)-f(t, VIS b | x -y, b>0, 4)
where |f(¢t,0)| = a(t) is bounded.
Remark 1. From (4) we obtain
[f(t, x)| — |f(t, 0)| < |f(t,x) — f(t,0)| < b| x|
[f(t,x)] < a(t)+ blx], b>0.
Theorem 2. Let the assumption (i)* be satisfied. If
b S TP~* < 1, then the solution y € Ly(I) of the functional

equation (3) is unique. Consequently, the solution x € AC(I) of
the problem (1) is unique.

Proof. From remark 1, all assumptions of Theorem 1 are
satisfied and the solution of the functional equation (3) exists.

Now, let y,z be two solutions of equation (3), then
ly(®) — z(O| =
|BtFL (£~ 7 y(0) = BF F (5= 17 2(D)) |

= BT f(L= 7O y(0) — f(t2 17 2(0)) |

S BFD | BTy - = () |
< b2 T |y() - 2(0)]
and
[ly) = z()lds < b 28 [Tly(s) = z(s)l ds
ly =zl < b 2T lly -z,
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Hence,
lly =zl (1= b2 TPy <0

Theny = z, this implies that the solution of the functional
equation (3) is unique. Consequently, the solution of the
problem (1) is unique.

4. Continuous dependence

Definition 1. [7] The solution x of the problem (1) depends
continuously on the initial data x, and on the function f, if
Ve> 0, 36 > 0 s.t.

max { |xo — xo*|, |[f — f*1} <6,
implies
llx—xll <e
where x* is the unique solution of the problem

dx*(t) _ ,« dx*(t) _ %
F = f (t, aca ), t e (0, T], X(O) =X, (5)
where B,a € (0,1), and B > a.

Theorem 3. Let the assumptions of Theorem 2 be satisfied,
then the solution of the problem (1) depends continuously on
the initial value x, and on the function f.

Proof. Let x, x* be the two solutions of (1) and (5) respectively,
then

ly(® - y ] =
|BF L f(62 e y(8)) — B P f1 (L2 £y (1) |
= BT F(Lo 79 y(0) — (62 0y () |
= B f(to t7Oy(0) — (62 £y (D)
+F(E2 B0y () = f (62 7y () |
< B F(L2 VYD) — (62 YD) |
+ BT f(6 070y () — f1(6 BTy (D) |
e A e (O R A G RN Ry

a.e.

S BT b~ 7 y() —y (O] + BEF1S
< bETFey@ -y @1+ p Pt e

(1-bETF)|y® - y'®l < pth 18

. BtP-1s
— < =
ly@® =y < P
Hence
T . Ths
Joly(s) = y*@®)lds < Py
Now,

lx(t) = x* (O] = | %o + [, y(s) ds — x," — [, y*(s) ds |
=1 (o — %") + [, (¥(s)=y"(s) ds |
< lx = %" + [} 1y()=y*(s) lds

Ths
< [ —
< 6+ 1—b§rﬁ—a
Ths
x—x'|< §+ ———=
Il [ —Foia

a

Alexandria Journal of Science and Technology, 2023, 1(2), 76-79

Solvability of an initial-value problem of non-linear implicit fractal differential equation

Which completes the proof.

5. Hyers-Ulam stability

Definition 2. Let the solution of the problem (1) be exists
uniquely, then the problem (1) is Hyers-Ulam stable [5] if
Ve >0, 36 >0 such that for any &—approximate solution
x, of problem (1) satisfying

dxs(t) dxs(t)
| SR - f(62=2) ] < 5,
implies
llx — x|l <e.

Theorem 4. Let the assumption of Theorem 2 be satisfied. Then
the problem (1) is Hyers-Ulam stable.

Proof. Let
8O 50y 5
< B gm0y g
-6 < #dxd;y_f(t’altl—adxd;t(t)) <5

_§BtP1 < O poip1 1 qoqdxs® p-1
PPN < =BT f(t TSR < St
_ dxs(6)
Let y,(t) = 220
—§ RPN < Y () = BEETLF( -ty (8)) < S B P
| y5(6) = B P f(t, =ty (1) | < 5P

Then
y(®) = %] = | BF7 f(£,=t779(O) = y:(0) |
= | B P F(E =ty (0) = (3:(0) = B P f( £~ 17 y,(1)) )
— BFF(E =y (6)) |
< B F(E () = (L y(6) |
+1 () = B P F( -ty (0) |
SBEPTIh | —t1ay(E) -ty (6) | + 6 B tF

< b Erbely) -yl + 5 p P

5B th-1
= 1-p Erp
Thus
I y®) = y,(0)ldo < —1°
0 s = 1-p Epp
Now,

lx(t) = %, = | X0+ [, y(8) d8 — xo— [, y,(6) d6 |
=1 (6 — ¥(6))de |

< [ 1y(6) — ¥5(6) | d8
sTB
T 1-p Erpa

§TE

[[x —xsll < =€

1- b B rp-a
a
Which completes the proof.
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6. Examples

Example 1. Consider the following initial-value problem of the
fractal differential equation
dx(t)

dx(t) 1 1
;tB =2t+ E%' ae t€(01], x(0)=-. (6)
at®
Then
_ 1 x(t)
flt,x) = 2t+ 5 T

where a(t) = 2t € L1(]),
such that

1.p-1 2 Brp-a _ 3
Ji P71 la(s)lds s and b =T —<1

We can show that all conditions of Theorem 2 are satisfied.
Then, the initial-value problem (6) has a unique solution.

Example 2. Consider the following initial-value problem of the
fractal differential equation

ax@® 1 .
X _

b o _a
dth 2 3 1+sin?t

Then

/3=3,a=land b==>0
2 3 5

ae te(02], x(o)=§. @)

= lya-p, 1 _x®
ft,x) = ST+

3 1+sin2t’

where a(t) = §t1-ﬁ € L1(D),
0 such that

JZsP la(s)lds = 1 and b grﬁ—“ =043 < 1.

We can show that all conditions of Theorem 2 are satisfied.
Then, the initial-value problem (7) has a unique solution.

7. Conclusions

This research paper focuses on investigate the existence of
solutions for the fractal differential problem (1) and properties
associated with these solutions. Firstly, we examined the
equivalence between the problem (1) and functional equation
(3), then we studied the existence of at least one solution
x € AC(I) of (1) by applying Schauder’s fixed point theorem.
Furthermore, we established sufficient conditions to ensure the
unigueness of the solution and its continuous dependence on the
initial data x, and on the function f. We studied the Hyers-
Ulam stability of the problem (1). Finally, some examples have
been introduced to illustrate our results.
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